Abstract
INTRODUCTION
To assess compressed members according to the current norms for steel (EN 1993-1-1) and aluminium structures (EN 1999-1-1) , it is necessary to know the value of the elastic critical axial force. In the case of the flexural buckling in the plane of symmetry of a member, the critical force can be calculated from the well-known Euler formula. In cases of thin-walled members with non-symmetrical cross-sections, torsional-flexural buckling occurs when such a formula cannot be used. A condition of the equilibrium of such members is expressed by the governing coupled differential equations derived by Vlasov (1961) :
ELASTIC CRITICAL AXIAL FORCE FOR THE TORSIONAL-FLEXURAL BUCKLING OF THIN-WALLED METAL MEMBERS: AN APPROXIMATE METHOD
Michal KOVÁČ 1 i s is the polar radius of the gyration of the cross-section according to the shear center. The unknowns w(x), v(x) define the displacement of the cross-section in the direction of the principal axes (z, y), and ϑ(x) defines the angle of the twist of the cross-section, as can be seen in case (c) of Fig.1 . N is the axial compression force. The elastic critical force can be obtained by the mathematical solution of the eigenvalues of the system of equations (1).
In the case of members with a mono-symmetrical cross-section, for example, with an axis of symmetry z, parameter y s would be zero, and then the system of three coupled equations (1) would divide into one independent equation (describing the flexural buckling in the plane of symmetry -case (b1) in Fig.1 ) and two coupled equations (describing torsional-flexural buckling -case (b2) in Fig. 1) .
The analytical solution of these coupled equations is only possible in simple cases. Therefore, Goľdenvejzer (1941) introduced an approximate method, which can be used for any boundary conditions in flexural bending and torsion, to solve them. This approximate method is found in NB.4.2 of STN EN 1993 -1-1/NA (2007 and in I.3 of EN 1999 I.3 of EN -1-1 (2007 .
APPROXIMATE METHOD
In the approximate method, the unknown w(x), v(x) and ϑ(x) are approximated by the so-called fundamental functions χ(x), φ(x) and ψ(x):
If expressions (2) are substituted into (1) and additional modifications are performed in the sense of virtual work (see Goľdenvejzer (1941) and Vlasov (1961) or Kováč (2012) ), this leads to a system of three linear homogenous equations with unknown constants A, B, C and variable N. Then variable N can be obtained, using the condition of the existence of a non-trivial solution of this system, by requiring a determinant of the system for constants A, B, C to be equal to zero. Then by expressing the determinant, it leads to a cubic equation for the critical force N:
where:
and where the coefficients were introduced:
in which the parameters are (see Kováč (2012) :
The critical force is obtained by solving cubic equation (3) as its smallest root. The boundary conditions of the member are satisfied by a suitable choice of the fundamental functions, which have to satisfy the same geometric boundary conditions as those by the actual deformation functions (flexural deformations w(x), v(x) in the planes of the principal axes and torsional deformation ϑ(x)) are satisfied. Goľdenvejzer (1941) chose the eigenfunctions of the flexural vibration (modes) of a beam with a uniform mass arrangement as the fundamental functions. He derived the terms for the parameters k 13 , k 31 , k 23 , k 32 in the form (8), but continued with modifications provided by his choice of fundamental functions and only basic combinations of non-sway boundary conditions, such as pinned and fixed ends and their combinations. The result was modified terms for these parameters, for which it holds: k 13 = k 31 and k 23 = k 32 (and then for coefficients (6), it holds α yw = k 13 2 and α zw = k 23 2 ). However, this is uncommon for (8) and (6). Despite the modified terms, which Goľdenvejzer (1941) used for the calculation of the parameters, the values of the dependent coefficients α yw and α zw according to (6) coincide with the results based on Goľdenvejzer's parameters if we use in (8) the same fundamental functions as he used. Vlasov also used slightly different terms, but with the same results, which he included in Vlasov (1961) .
Goľdenvejzer and Vlasov only took into account non-sway boundary conditions. Later, Březina included the values of coefficients (6) for all the combinations of boundary conditions (also including sway type ones such as free ends, etc.) in Březina (1962) .
Goľdenvejzer and Vlasov used the eigenfunctions of vibration as fundamental functions for reasons of simplicity. The terms for coefficients (6) and parameters (7) and (8) are general and applicable to any choice of fundamental functions (and for all boundary conditions); for their calculation, the eigenfunctions of flexural buckling modes were chosen here instead of the eigenfunctions of vibration modes (see Tab.1).
The terms (4) lead to Euler critical forces if the eigenfunctions of flexural buckling as fundamental functions are used. Then the parameters k ii (7) can be transformed into coefficients of critical lengths by:
(which are presented in the first column and row of Tab.1 according to the boundary conditions); then we get the well-known terms:
. (10) The last term of (10) is the critical force of the torsional buckling of the member.
The coefficient α yw (k y ,k w ) depends on the boundary conditions of the bending perpendicular to axis y (these define the rows of Tab.1) and on the torsional boundary conditions (these define the columns of Tab. 1). The coefficient α zw (k z ,k w ) depends on the boundary conditions of the bending perpendicular to axis z (rows of Tab.1) and on the torsional boundary conditions (columns of Tab. 1). Therefore, for any given boundary conditions, the coefficients α yw , α zw should be determined from Tab.1, and the critical force can be calculated as the smallest root of (3).
In the case of members with mono-symmetrical cross-sections, the governing system of equations (1) separates into one independent and two coupled equations. The torsional-flexural buckling mode, which can be obtained by solving these coupled equations, consists of two deformations (see case b2 in Fig.1 ). In the approximate method a similar technique may be performed with these two coupled equations (see Kováč (2010) . 23, 2015, No. 1, 23 -32 for a member with a non-symmetrical cross-section. Then the condition of the existence of the non-trivial solution leads to a quadratic equation, and the critical force can be calculated from:
(11) , in the case of the axis of symmetry z and, where it also holds (10), (6) and (8) . N cr,z in the previous relations is the critical force of the flexural buckling in plane y-x (perpendicular to axis z), according to the flexural boundary conditions of the member in plane y-x, even though this flexural part of the torsional-flexural buckling mode is not possible alone. Similarly, N cr,T is the critical force of the torsional buckling according to the torsional boundary conditions of the member, even though the torsional buckling of the member cannot occur alone.
Because of the interaction between bending and torsion at the torsional-flexural buckling, the critical force of the torsional-flexural buckling must be smaller than the smallest of the flexural and torsional buckling forces N cr,z and N cr,T :
Similarly, in the cases of members with a non-symmetrical cross-section, the following must hold (see Vlasov (1961) ): (13) However, in the approximate method for the boundary condition cases of members, for which the coefficients α yw and α zw are zero or negative, the conditions (12) and (13) are not fulfilled. In order that the approximate method does not cause this error, the coefficients α yw and α zw should be positive values. In Tab.1 some coefficients have negative values (mainly for cantilever cases), and Březina included some negative coefficients in Březina (1962) too. For these cases, the approximate method does not give reliable results.
For cases with the same boundary conditions in bending and torsion (the coefficients in the diagonal of Table 1 .), the coefficients are equal to one. For cases with different boundary conditions in bending and torsion, the coefficients are different from one. Chalupa (1967 Chalupa ( , 1982 mentioned that in these cases, the coefficients are from interval (0,1) and can be considered on the safe side as α yw = α zw = 1, which was tested here too.
COMPARISON OF THE RESULTS BY FEM AND THE APPROXIMATE METHOD
For calculating the critical forces of the members, any commercial software based on the finite element method (FEM) with 2D shell elements can be used. But for a requirement of the comparison of a large amount of critical forces which should be calculated for members with any combination of boundary conditions, the finite element solution of governing differential equations (1) was chosen, and a finite element code was written (see Kováč (2012) ), which will be referenced as FEM1D. In FEM1D, cubic polynomial approximate functions were chosen for the unknown displacements w(x), v(x) and ϑ(x) defined on 
Torsional-flexural buckling modes from FEM1D:
In the graph in Fig. 2b the relations of the critical forces according to the length of a member with a cross-section and boundary conditions from Fig. 2a are plotted. N cr,z and N cr,T are critical forces according to (10); N cr,TF is the critical force using the approximate method according to (11) ; N cr,TFα1 is the critical force using the approximate method according to (11), but by considering the coefficient α zw =1; and N cr,FEM1D is the critical force using the FEM1D. The percentage differences between the approximate method and FEM1D are also plotted in the graph as error TF and the percentage differences between the approximate method with α zw =1 and FEM1D as error TFα1 , where FEM1D was taken as the reference method. If the error is on the safe side, it has a positive value and vice-versa.
The torsional critical force N cr,T changes less rapidly than the flexural critical force N cr,z by increasing the length of the member. The length of the member when these critical forces are equal is marked as L zT in Fig.2b and can be calculated from: (14) In Fig. 2a , the flexural-torsional modes (each component separately) for the three lengths of the members (L = 1m, L = L zT = 6.73 m according to (14) , and L=13m) and the fundamental functions of the the 1D element with two nodes, each of which has two unknowns for each displacement w(x), v(x) and ϑ(x). The results of this finite element code were checked with the ANSYS and DRILL commercial softwares.
In the Figs. 2a, 2b, 3a, 3b, the results of the FEM1D and the approximate method are plotted for the selected cases of the members. A member with a mono-symmetrical cross-section is presented first˝(see Figs. 2a, 2b ).
Torsional-flexural buckling modes from FEM1D: Vol. 23, 2015, No. 1, 23 -32 approximate method (selected according to this case of boundary conditions) are plotted. Considering that in the approximate method, the flexural and torsional components of the buckling mode are approximated by the fundamental functions (see Fig.2a ) (which are selected according to the boundary conditions), it would be expected that if the torsional-flexural buckling mode of the member is well approximated by these fundamental functions, the error of the approximate method will be small. However, from Fig. 2a and Fig. 2b , it is evident that for length L zT , when both components of the torsional-flexural buckling mode are well approximated by the fundamental functions, the greatest error was achieved; while for lengths L = 1m and L = 13 m, when in the first case, the flexural, and in the second case, the torsional component, were not well approximated, a relatively small error occurred. Notice that in Fig. 2b , the critical force of the torsional-flexural buckling N cr,FEM1D (using FEM1D) is close to the torsional critical force N cr,T for small lengths of the member (hence, the torsional component is major) and close to the flexural critical force N cr,z for big lengths (hence, the flexural component is major). Therefore, for small and large lengths of a member, when the major components of the torsional-flexural buckling mode were well approximated by the fundamental functions in the approximate method, a relatively small error of the approximate method occurred, despite the fact that the minor components of the torsional-flexural buckling mode were not well approximated by the fundamental functions. A similar phenomenon can be noticed in most cases of members with mono-symmetrical cross-sections. In this case, the maximal error of the approximate method was 5% on the dangerous side for the coefficient α zw = 0.042 (from Tab.1 according to this case of boundary conditions), but 36% on the safe side for coefficient α zw =1, which was achieved at interval of lengths close to L zT . For lengths smaller or greater than length L zT , the errors of the approximate method decrease.
In the next case of a member with a non-symmetrical cross-section and boundary conditions, Fig. 3a presents a similar study with the same order. The torsional-flexural buckling mode of the member is composed of three components: two flexural components in the plane of the major and minor bending rigidities of the member and the torsional component. These are approximated by the selected fundamental functions (plotted in Fig. 3a) according to the boundary conditions. The critical forces of the approximate method are calculated as the smallest root of (3), in which the critical forces of the buckling mode components are calculated by (10), and the coefficients α yw =0.758, α zw =1.494 are defined in Tab.1 according to the given boundary conditions.
In Fig. 3b (similarly as in the case of a mono-symmetrical cross-section) the relations of the critical forces according to the length of the member with the cross-section and boundary conditions from Fig.3a are plotted. N cr,y , N cr,z and N cr,T are the critical forces according to (10) ; N cr,TF is the critical force using the approximate method calculated from (3); and N cr,TFα1 is the critical force using the approximate method according to (3), but by considering the coefficients α yw =1, α zw =1. N cr,FEM1D is the critical force according to FEM1D. In the graph the percentage differences between the approximate method and FEM1D as error TF and the percentage differences between the approximate method with α yw =1, α zw =1 and FEM1D as error TFα1 (where FEM1D was taken as the reference method) are also plotted. The length of the member for which the critical force N cr,z is equal to the torsional critical force N cr,T is marked as L zT and can be calculated from (14), and the length for which N cr,y is equal to N cr,T is marked as L yT and can be calculated from: (15) The critical force N cr,z (of the flexural component of the torsional-flexural buckling mode in a plane perpendicular to axis z) is smaller than the critical force N cr,y for the entire interval of the lengths of the member with the given boundary conditions. Hence, for large lengths of members, the critical force of the torsional-flexural buckling mode N cr,FEM1D is close to the critical force N cr,z , which means that the flexural buckling component in a plane perpendicular to the z axis is major. For small lengths of members the critical force N cr,FEM1D is close to the torsional critical force N cr,T (the torsional component of the torsional-flexural buckling mode is major). Hence, for an evaluation of the errors of the approximate method, the proportion of the critical forces N cr,z and N cr,T is decisive, and the greatest error was achieved for the lengths close to L zT (when N cr,z and N cr,T are approximately equal), as can be seen in Fig. 3b . For short members (shorter than L zT ), when the torsional component (of the torsional-flexural buckling mode) is major and well approximated by the fundamental function ψ(x), the error of the approximate method is small (or smaller than for lengths close to L zT ), similarly as in the case of mono-symmetrical cross-sections. For long members (longer than L zT ), when the flexural component perpendicular to the z axis is major and well approximated by the fundamental function φ(x), the error of the approximate method is small (or smaller than for lengths close to L zT ) too. It appeared that for an evaluation of the errors of the approximate method, the proportion of the critical forces of the flexural and the torsional components is as important for members with mono-symmetrical as well as for non-symmetric cross-sections.
In the following tables, other cases with mono-symmetrical or non-symmetrical cross-sections are presented. For each case in the tables, a similar study was performed. The maximal errors of the approximate method and the length of the members for which it was achieved are presented in the last columns of the tables. The percentage differences between the approximate method and FEM1D are marked as error TF and error TFα1 , assuming α yw =1, α zw =1 in the approximate method. The cases of members with cross-sections and combinations of boundary conditions for which the lengths L zT are in a range of usable lengths (slenderness of the usable member), were selected, because of the tendency to achieve the greatest errors of the approximate method in this range of lengths of members. Further, such cases of boundary conditions were selected for which the coefficients α zw are non-negative values and which it was possible to construct (and, therefore, which more probably appear in practice). Cases with negative or zero coefficients α zw were not interesting because the approximate method is not reliable for these coefficients.
For most of the cases in the tables, the greatest errors of the ap- Fig. 3b Relations of the critical forces -length of members.
mono-symmetrical cross-sections
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1 4 , 9 proximate method were approximately achieved for the smaller of the lengths L yT , L zT in cases of non-symmetrical cross-sections or for L zT in cases of mono-symmetrical cross-sections with a z axis of symmetry (in cases with a y axis of symmetry, it should be L yT ). The exceptions were several cases for which the critical forces of the flexural and torsional buckling components were approximately equal (same-order values) in a wider interval of lengths around the lengths L zT , L yT . Even though Tabs. 2 and 3 only considered cases of members with non-negative coefficients α yw , α zw from Tab.1 (calculated according to the buckling modes), the approximate method also provides results on the dangerous side for several cases of boundary conditions. Most of these cases are members with sway boundary conditions in bending or torsion.
Also, for some cases of non-sway boundary conditions (hinged and clamped boundary conditions), the approximate method provides results on the dangerous side, although with a small error. For example, in the last case of a member with a T cross-section (in the 14 th row of Tab. 2) and the first case of a C cross-section (in the 23 rd row of Tab. 2), the approximate method resulted in a critical force greater than that from the FEM1D method, and this was achieved for the coefficients from Tab.1 as well as for the original coefficients calculated by Goľdenvejzer (1941) (according to the vibration mode functions) too. In all the cases with different boundary conditions for the flexural and torsional buckling components, the errors of the approximate method were on the safe side when α yw =1, α zw =1. This corresponds to the statement by Chalupa (1982) .
The approximate method showed agreement with the results of FEM in cases with the same boundary conditions in the flexural and torsional buckling components (the coefficients on the diagonal of Tab.1).
CONCLUSIONS
Based on the study performed, it can be concluded that the torsional-flexural buckling mode is the result of an interaction between the flexural component and the torsional component. From the results of FEM, it often occurs that the resulting shapes of the flexural and torsional buckling mode components differ from the expected non-symmetric cross-sections S-S C-F C-S α yw = 0.758
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L zT = 7.3 7.1 6.5 6.9 3.1 deformation shapes (the shapes of the fundamental functions used in the approximate method). This was caused by the interactive relation between these components of deformation in conjunction with their different boundary conditions. In the approximate method, these deformation components (flexural and torsional) are approximated by fundamental functions which are given based on the boundary conditions. It could be expected that if the given fundamental functions could well approximate the flexural and torsional buckling mode components, then the error of the approximate method would be small. However, that was not confirmed. As an explanation, the major and minor components from the flexural and torsional buckling mode components should be distinguished. The critical force of the torsional-flexural buckling is always smaller than the smallest of the critical forces (10) of these separated buckling mode components. The more the critical force of one separated buckling component (flexural or torsional) is smaller than the critical forces of the other buckling components, the closer the value of the critical force of the torsional-flexural buckling will be to the value of this critical force, and its corresponding buckling mode component is more dominant (major).
S-S S-S S-S
A decrease in the critical torsional-flexural buckling force according to the smallest of the critical forces of the separated buckling components is more dominant when the flexural and torsional components are equally significant and less dominant when one buckling component is major and the other is minor (no matter which is which). Because in the approximate method, the relative interaction between the buckling components (and the corresponding decrease in the critical torsional-flexural buckling force) is not correctly covered, the error of the approximate method is smaller for cases when the interaction does not occur, or only occurs in a negligible amount, which occurs in cases with major-minor arrangements of the torsional-flexural buckling mode. Therefore, when one buckling component was the major component of a torsional-flexural buckling mode and simultaneously was well approximated by the given fundamental function, then the error of the approximate method was small, despite the fact that the minor components were not as well approximated. For cases when all the buckling components are significant, which is when the critical forces of the separated buckling components (10) are approximately equal (when the length of the members is around the lengths (14) and (15)), the greatest error of the approximate method was reached. The approximate method for boundary conditions, for which the coefficients α yw and α zw are zero or a negative value, does not provide reliable results. But when considering α yw =1, α zw =1, the approximate method give results on the safe side. For cases when the interaction of the buckling mode components was considerable (for lengths of members around the lengths (14) and (15)), considering α yw =1, α zw =1 cause an overestimation of the interaction (a decrease in the critical force for torsional-flexural buckling), the results lead to conservative values of the critical forces of torsional-flexural buckling. In one case (from Tab.2) the error reached 60% on the safe side, but in most cases the errors were much smaller, depending on the amount of the interaction between the flexural and torsional buckling mode components.
The following three factors are mainly decisive for the value of the error of the approximate method. The first is the proportion of the distance of the shear center from the center of gravity to the dimensions of the cross-section. The larger this proportion, the larger the mutual interactive influence of the separated buckling mode components. And while in the approximate method the interaction between the buckling components is not correctly expressed (for different boundary conditions in the flexural and torsional deformation components), the error of the method rises when there is an increase in this proportion. The second factor is the proportion of the critical forces of the separated buckling components (flexural and torsional). If these critical forces are almost equal or are the same-order values, the proportion is close to 1, which is for members with lengths around the smaller of the lengths (14) and (15), then the error of the approximate method would be greater than for the same member but with a length different from these lengths. The third factor is the type of boundary conditions. For the same boundary conditions in flexural deformation components as the boundary conditions of the torsional components, then the results of the approximate method agree with the results of FEM. However, in a general case for different boundary conditions of flexural and torsional deformation components, this could not be stated. If these three factors coincide for a given member, it should be expected that the error of the approximate method would not be small, by considering the coefficients α yw =1, α zw =1 on the conservative side. Therefore, in these cases it is recommended to use FEM to calculate the critical force of the torsional-flexural buckling, especially if a low-cost design is required.
In norm EN 1999 EN -1-1 (2007 and STN EN 1993 -1-1/NA (2007 , there are coefficients calculated by Goľdenvejzer (1941) , which can also be found in Vlasov (1961) . He took into account various combinations of torsion and bending non-sway boundary conditions (hinged and clamped boundary condition combinations). For other combinations of boundary conditions (the sway type ones), there is a remark on the conservative use of coefficients α yw =1, α zw =1 there. Based on the study performed here, it is recommended to use these coefficients for all cases of boundary conditions in torsion and bending (including sway and non-sway types too). This would lead to a simplification of the approximate method, and there would be no need for a table of coefficients α yw , α zw , which would be equal to one.
Despite the discrepancies of the approximate method, its location in the norms is fully justified as a quick alternative for calculating critical forces of torsional-flexural buckling. If the coefficients are α yw =1, α zw =1, it will give safe results.
